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Flat sheets encoded with patterns of contraction/elongation morph into curved surfaces. If the
surfaces bear Gauss curvature, the resulting actuation can be strong and powerful. We deploy the
Gauss-Bonnet theorem to deduce the Gauss curvature encoded in a pattern of uniform-magnitude
contraction/elongation with spatially varying direction, as is commonly implemented in patterned
liquid crystal elastomers. This approach reveals two fundamentally distinct contributions: a struc-
tural curvature which depends on the precise form of the pattern, and a topological curvature
generated by defects in the contractile direction. These curvatures grow as different functions the
contraction/elongation magnitude, explaining the apparent contradiction between previous calcu-
lations for simple +1 defects, and smooth defect-free patterns. We verify these structural and
topological contributions by conducting numerical shell calculations on sheets encoded with sim-
ple higher-order contractile defects to reveal their activated morphology. Finally we calculate the
Gauss curvature generated by patterns with spatially varying magnitude and direction, which leads
to additional magnitude gradient contributions to the structural term. We anticipate this form
will be useful whenever magnitude and direction are natural variables, including in describing the
contraction of a muscle along its patterned fiber direction, or a tissue growing by elongating its
cells.
INTRODUCTION
Differential growth and differential muscular contrac-
tion underpin many impressive and important shape
transformations found in biology [1], ranging from em-
bryonic gastrulation and limb formation to gut peristal-
sis and the beat of a heart. The key idea is that, with
the right spatial patterning, a limited set of local moves
— isotropic growth, directional growth, or uniaxial mus-
cular contraction — can be choreographed into a com-
plex and reliable global shape transformation. Corre-
spondingly, there is considerable interest in developing
spatially-programmable shape-changing materials [2, 3],
both to elucidate the basic geometric and mechanical
principles of differential shape change [4–6], and for use
in soft machines [7, 8] and deployable structures [9].
Several different programmable shape-changing ma-
terials have been developed, each responding to dif-
ferent stimuli and offering a different palette of lo-
cal shape changes. Recent work has highlighted pat-
terned (isotropic) swelling in hydrogels [10–13], pat-
terned contraction/elongation in liquid crystaline elas-
tomers/glasses (LCE/Gs) subject to heat or light [14–
17], and patterned contraction in “baromorphs” subject
to inflation [18, 19]. A natural distinction thus arises be-
tween a patterned magnitude of a locally isotropic shape
change, and a patterned direction of a fixed magnitude
shape change (Fig. 1). Returning to biology, although
evolution is surely able to pattern magnitudes [1, 20],
most biological tissues are anisotropic and also exhibit
patterned directions, be they patterns of elongational
growth [21, 22] or patterns of muscular contraction.
In each of the above responsive materials, shape change
is programmed into an initially flat sheet, which, on ac-
FIG. 1. A sheet of shape-shifting material contracts along a
programmed direction (blue lines) on activation. If the di-
rection is constant the sheet remains flat (top). Concentric
rings of contraction morph a disk into a cone, while a radial
contraction pattern makes an anticone.
tivation, morphs into a curved surface. Strikingly, such
transformations are often impossible with passive sheets,
generating timeless struggles for tailors, mapmakers, ar-
chitects, gift-wrappers and manufacturers. As immortal-
ized in Gauss’s Theorema Egregium [23], the key diffi-
culty is geometric: the Gauss curvature of a surface (cal-
culated as the product of the two principle curvatures,
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2K = 1/(R1R2)) cannot be modified without changing
the in-surface distance between points, encoded by the
surface’s metric. Thus a flat sheet of paper can be bent
into a cylinder but cannot be coerced into a sphere. Ac-
tive shape-changing sheets, like their biological counter-
parts, can side-step this geometric constraint as their pro-
grammed shape-change does indeed change the in-surface
distance between points [10, 24, 25]. Directional growth
offers a unique additional possibility: patterns with topo-
logical defects. Such directional defects are familiar from
liquid nematics [26] and have inspired many patterns en-
coded in LCE/Gs[25, 27, 28]. Indeed, LCE sheets en-
coded concentric circles of contraction, forming a +1 ne-
matic defect, have become a ubiquitous test-case for new
patterning techniques [15, 27, 29–32]. Such sheets morph
dramatically into cones (Fig. 1) demonstrating that topo-
logical defects offer a way to produce sharp features with
singular concentrations of Gauss curvature [25].
Conversely, Gauss’s geometric coupling of bend and
stretch make curved surfaces strong and mechanically
favourable. For example, if a flat sheet is bent in one
direction, it cannot then bend in the transverse direction
without stretch [33]. This curvature-induced rigidity,
which is familiar from corrugated cardboard and pizza
consumption [34], leads to the general result that, whilst
flat sheets buckle in a pure bending mode at a charac-
teristic compressive stress σ ∝ t2, curved shells require
both stretch and bend to buckle, and hence a much higher
characteristic stress σ ∝ t [35–37]. Consequently, when
an active sheet morphs into a Gauss-curved surface, the
transition is mechanically strong: the LCE defect cones
will lift 2500 times their own weight [31] as they activate.
Patterns of Gauss curvature are also an essential compo-
nent of inverse design: in order to program a sheet to
morph into a desired shape it is necessary (though not
sufficient) that the programmed shape change produces
the desired Gauss curvature [11, 16, 27, 38–40].
In this paper, we use the Gauss-Bonnet theorem to cal-
culate the distribution of Gauss curvature in an initially
flat sheet sheet programmed with a directional pattern
of shape change. Our calculation is greatly facilitated
by the use of the natural coordinate system of a nematic
field, recently introduced by Niv. et. al [41]. The Gauss-
Bonnet approach allows us to construct a single result
that unifies previous work on continuously distributed
Gauss curvature [38, 39, 42, 43] and concentrated Gauss
curvature [25, 44]. Our unified result reveals a delicate
interplay between topology and spatial patterning in the
emergent Gauss curvature, and allows us, for the first
time, to calculate the concentrated Gauss curvature en-
coded in topological defects with charges other than +1.
We extend and verify these results by conducting nu-
merical shell calculations on sheets encoded with higher-
order defects to clarify the full 3-D form of the surface
that emerges. Finally, we present an analogous result
for sheets encoded with directional growth in which both
the magnitude and direction vary spatially in plane. Al-
though such patterning is yet to be demonstrated in liq-
uid crystalline solids, we anticipate that it will soon (ei-
ther via local crosslink density or via control of the im-
printed order parameter), and has already been achieved
by evolution in many different biological contexts.
CURVATURE INDUCED IN FLAT SHEETS
WITH A PROGRAMMED DIRECTION OF
CONTRACTION/ELONGATION
FIG. 2. An initially flat patch of nematic elastomer encoded
with a spatially varying director n (left) will, upon activation,
contract everywhere along n and expand along n∗, causing it
to morph into a curved surface (right). The nematic pattern
defines a natural orthogonal coordinate system for the patch,
(u, v), with u-lines along n and v−lines along n∗.
We first consider a planar sheet, in which each point
is programmed with a planar direction n = (cosψ, sinψ)
along which the material will contract/elongate by a fac-
tor of λ‖ upon activation, accompanied by, a sympa-
thetic change of λ⊥ in the perpendicular direction. In
an LCE/G, n would correspond to the nematic director
(alignment direction), and, as indicated in Fig. 1, the
response on heating/illumination is a large contraction,
0.25 < λ‖ < 1, while the lateral expansion, λ⊥ = λ
−ν
‖ ,
is determined by the opto-thermal poisson ratio, which
is strictly ν = 1/2 in incompressible elastomers, but can
be as high as 2 in photo-glasses. In baromorphs, n is the
programmed pneumatic channel direction, and on infla-
tion the channel does not change in length, λ‖ = 1, but
ideally contracts laterally by λ⊥ = 2/pi = 0.63....
As shown in Fig. 2, we may also define a an orthogonal
dual director on the sheet with ψ → ψ + pi/2, such that
n∗ = (− sinψ, cosψ). Then, in the undistorted sheet,
the infinitesimal length element dl = (dx, dy) has length
dl2 = dlT Idl, which, on activation, becomes
dl2A = dl
T (λ2‖ nn+ λ
2
⊥n
∗n∗) dl ≡ dlT a¯dl.
The activated sheet (indicated via subscript A) must de-
form into a surface following this programmed metric, a¯.
Spatial variation in n will generate a spatially varying
metric bearing Gauss curvature, guaranteeing that the
3resultant surface will also be curved. Our task is to com-
pute the intrinsic geometry of the resultant surface, as
characterized by its geodesic and Gauss curvature. The
metric is invariant under n→ −n, which is an inevitable
consequence of the quadrupolar nature of nematic order.
However, even if the underlying order really were vecto-
rial, the metric, as a quadratic form, would nevertheless
have this quadrupolar symmetry. Thus nematic rather
than vectorial patterns are the natural language of direc-
tional shape change, and nematic defects, including half
integer defects, could be found in any directional shape-
changing system.
Before conducting our general calculation, we first con-
sider two ubiquitous +1 defect nematic director patterns:
those with the director in concentric circles around a
single point, and those with the director emanating ra-
dially from a single point, each shown in Fig. 1. If a
disk is encoded with concentric circles and then acti-
vated, it forms a new surface where a circle with orig-
inal radius r has new (in material radius) rλ⊥ > r,
and new circumference 2pirλ‖ < 2pir. This geometric
contradiction is resolved by the disk morphing into a
cone, with half-angle sin−1
(
λ‖/λ⊥
)
. The conical sur-
face is Gauss flat everywhere, KA = 0, except for a
singular contribution to the Gauss curvature at the tip,∫
KAdAA = 2pi(1 − λ‖/λ⊥) > 0, as can be seen by re-
placing the tip by a spherical-cap, or by considering the
angular deficit created when bending a sector of a pa-
per disk isometrically into a cone. In contrast, the radial
pattern creates a surface where the circumferences are
too long for the radii, which buckles out of plane into
an “anticone” shape resembling a saddle. This surface is
also Gauss flat, except for a singular negative curvature
at the center which, since this is equivalent to exchanging
λ‖ and λ⊥, is
∫
KAdAA = 2pi(1− λ⊥/λ‖) < 0 [25, 45].
In the above cases, the Gauss curvature is calculated
from the emergent conical surface, whereas we seek to
compute the Gauss curvature from the metric, so that
we can use it to tailor and understand the resultant sur-
face. Also, a spatial director pattern will generically pro-
duce a continuous distribution of Gauss curvature in ad-
dition to any concentrations at points. Previous authors
have applied the Theorema Egregium to directly calcu-
late Gauss curvature from gradients of the the metric,
yielding [39, 42, 43]
KA =
1
2
(
λ2⊥ − λ−2‖
) [
(∂2yψ − ∂2xψ − 4∂xψ∂yψ) sin 2ψ
+2
(
∂x∂yψ + (∂yψ)
2 − (∂xψ)2
)
cos 2ψ
]
. (1)
This form has been used successfully to design surfaces
with uniform Gauss curvature (such as spherical caps)
and arbitary surfaces of revolution [46, 47], and under-
pins recent work on inverse design [39]. However, it is
not clear how this derivative formula can be applied to
quantify the Gauss curvature at a defect or discontinu-
ity in the nematic order, as found in cones/anticones.
Furthermore, the formula has the general property that
the curvature encoded by an orthogonal dual pattern
(ψ → ψ + pi/2) is the negative of that of the original
pattern, K → −K. In contrast, although the cone and
anticone are orthogonal duals, and do have opposite signs
of Gauss curvature, they do not have equal magnitude.
This strongly suggests eqn. 1 cannot simply be carefully
applied at a defect: we need a new approach.
Geodesic Curvature
A new approach is provided by the Gauss-Bonnet for-
mula, which relates the integrated Gauss curvature over
a surface S, the geodesic curvature (kg) of the surface’s
boundary, and the topological classification of the region
via its Euler Characteristic χ(S):∫
S
KdA+
∫
∂S
kgds = 2piχ(S).
Geodesic curvature, like Gauss curvature, is an intrinsic
property of a path on a surface, and can be computed di-
rectly from the metric. Our approach is to consider a re-
gion of patterned sheet, bounded by a curve along which
the nematic director is smooth, compute the geodesic
curvature along this path, and then use Gauss-Bonnet to
deduce the Gauss curvature within. This approach will
work even if the region contains topological defects.
The first step is to compute the geodesic curvature
in the activated surface, of a path r(l) = (x(l), y(l)),
defined in the flat sheet. In general this is a very in-
volved calculation, but given an orthogonal coordinate
system (u, v), in which the metric will take the simpli-
fied form diag (E,G), the geodesic curvature for the unit-
speed curve (u(l), v(l)) takes the simple form
kg = φ
′ − 1
2
√
EG
(u′Ev − v′Gu) , (2)
where φ is the angle between the curve tangent and the
u-line tangent, in the tangent plane of the surface, as
shown in Fig. 2.
Following Niv. et. al [41], we thus move into the ne-
matic pattern’s natural coordinate system (u, v) in which
u−lines (i.e. v = const) are tangent to n and v lines
(u = const) are tangent to n∗ (Fig. 2). Since this param-
eterization is locally orthogonal, the metric of the flat
(non-activated) sheet will be diagonal,
dl2 = (du,dv)
(
α2 0
0 β2
)(
du
dv
)
, (3)
where the scalar fields α(u, v) and β(u, v) are computed
from the geometry of the pattern in question [41]. Fur-
thermore, given the principle stretches on activation are
also along n and n∗, the u− v lines will also be orthogo-
nal on the deformed surface, and the (diagonal) activated
4metric is simply [39]
dl2A = (du,dv)
(
λ2‖α
2 0
0 λ2⊥β
2
)(
du
dv
)
.
A direct application of eqn. 2 reveals that the integrated
geodesic curvature along a path (u(l), v(l)) in the acti-
vated surface is∫
kgAdlA =
∫
dφA +
∫ (
λ⊥
λ‖
βu
αβ
βdv − λ‖
λ⊥
αv
αβ
αdu
)
.
(4)
Examining Fig. 2, the angle φ between the path and a
u−line in the unactivated flat (aka reference) state is
given by tanφ = δvδu which, upon activation becomes
tanφA =
λ⊥δv
λ‖δu
= (λ⊥/λ‖) tanφ. This allows us to com-
pute the φA term in the geodesic curvature as a reference-
state integral∫
dφA =
∫
d
(
tan−1
[(
λ⊥/λ‖
)
tanφ
])
=
∫
λ‖λ⊥
λ2‖ cos
2 φ+ λ2⊥ sin
2 φ
dφ.
The second term of eqn. 4 can also be evaluated in the
reference state by recognizing that dl = αdun+ βdvn∗:∫
kgAdlA =
∫
dφA +
∫ (
λ⊥
λ‖
βu
αβ
n∗ − λ‖
λ⊥
αv
αβ
n
)
· dl.
(5)
Along a u line or a v line we have φ′A = 0, as the an-
gle between the curve tangent and the coordinate line
is fixed. Setting λ‖ = λ⊥ = 1 to interrogate the non-
activated flat sheet, we see that the curvature of a u-line
is −αv/(αβ), and the curvature of the v-line is βu/(αβ).
However, these curvatures are simply the 2D bend and
splay (i.e. 2D curl and divergence) of the flat nematic
pattern [41],
b = ∇× n = n · ∇ψ = − αv
αβ
, (6)
s = ∇ · n = n∗ · ∇ψ = βu
αβ
, (7)
which allows us to eliminate the unknown fields α and β
from eqn. 5, to get a coordinate-independent result for
the activated geodesic curvature along any path:∫
kgAdlA =
∫
λ‖λ⊥
λ2‖ cos
2 φ+ λ2⊥ sin
2 φ
dφ
+
∫ (
λ⊥
λ‖
sn∗ +
λ‖
λ⊥
bn
)
· dl. (8)
This integrated geodesic curvature is appropriate for
Gauss-Bonnet, but we note that to evaluate the local
value one must take into account the infinitesimal arc
length, dlA =
√
λ2‖ cos
2 φ+ λ2⊥ sin
2 φ dl, to get
kgA =
λ‖λ⊥(
λ2‖ cos
2 φ+ λ2⊥ sin
2 φ
)3/2 dφdl
+
(λ⊥/λ‖)s sinφ+ (λ‖/λ⊥)b cosφ√
λ2‖ cos
2 φ+ λ2⊥ sin
2 φ
. (9)
Distributed Gauss Curvature
We now apply Gauss-Bonnet to a closed loop built
from alternating u and v line segments. Along each seg-
ment dφA = dφ = 0, so the only contribution to kgA
comes from the final term in eqn. 8, whilst at each cor-
ner there is a concentrated contribution
∫
dφA = ±pi/2,
since the u and v lines meet perpendicularly even in the
activated surface. In the simplest case, we combine two
u lines and two v lines to form a quadrangular region, as
shown in Fig. 2, giving four +pi/2 contributions in the
Gauss-Bonnet formula, which, given the region is topo-
logically a disk with χ = 1, exactly cancel the two 2piχ.∫
KAdAA = −
∮ (
λ⊥
λ‖
sn∗ +
λ‖
λ⊥
bn
)
· dl. (10)
Applying Stokes’s theorem to the right hand side, then
replacing the resultant curl by minus the divergence of
the perpendicular field, we get∫
KAdAA = −
∫
∇×
(
λ⊥
λ‖
sn∗ +
λ‖
λ⊥
bn
)
dA
=
∫
∇ ·
(
λ⊥
λ‖
s(−n) + λ‖
λ⊥
bn∗
)
dA
=
∫
∇ ·
(
λ‖
λ⊥
b− λ⊥
λ‖
s
)
dA, (11)
where we have introduced bend and splay vectors, b =
n∗b and s = ns, respectively the vector curvatures of
u lines and minus the vector curvature of v lines. Ex-
panding this divergence, and recognizing that dAA =
λ‖λ⊥dA, we find that the local value of Gauss curvature
is KA = λ
2
⊥(−b2 + (n∗ ·∇)b) +λ−2‖ (−s2− (n ·∇)s). This
agrees exactly with [41] and [39], although, given the de-
pendence on and λ‖ and λ⊥, it is hard to reconcile with
eqn. 1.
Gauss Curvature with Topological Defects
Moreover, the above analysis fails if there is a defect
within the region because, as seen in Fig. 3, the region is
no longer quadrangular: it will require different numbers
of sides depending on the topological charge, m, enclosed.
5FIG. 3. Examples defects patterns with topological charge
±1/2. Note that a path around the defect consisting of u and
v segments must have different numbers of segments for each
charge.
Working in the reference domain, the tangent vector must
wind by 2pi around the closed loop. Of these, it will wind
by 2pim in the u and v line segments, and hence the
contribution from the corners must be 2pi(1 −m). This
introduces an additional 2pim into eqn. 11 leading to∫
KAdAA =
∫
∇ ·
(
λ‖
λ⊥
b− λ⊥
λ‖
s
)
dA+ 2pi
∑
i
mi,
where the mi are the topological charges enclosed. This
form can be simplified by noting that ∇ψ = bn + sn∗,
and hence
2pim =
∮
(bn+ sn∗) · dl = −
∫
∇ · (b− s) dA, (12)
so we can integrate the b− s component of our previous
result, to get∫
KAdAA =
1
2
(
λ‖
λ⊥
− λ⊥
λ‖
)∫
∇ · (b + s)dA
+
∑
i
mipi
(
1− λ⊥
λ‖
)(
1− λ‖
λ⊥
)
. (13)
This formula is our main result for the Gauss curvature.
We will call the first term the structural curvature, since
it depends on the local structure of the pattern, while the
second term is naturally called the topological curvature.
Since the topological curvature must be concentrated at
defects, if we are away from any defect we can equate
integrands to compute the local distributed Gauss cur-
vature. Recognizing that dAA = λ‖λ⊥dA, we get simply
KA =
1
2
(
λ−2⊥ − λ−2‖
)
∇ · (b + s), which matches eqn. 1.
Alternatively, one may use the gradient result to bring
all the topological terms into the integral, which leads to
a particularly compact form for the Gauss curvature:∫
KAdAA =
∫
∇ ·
((
λ‖
λ⊥
− 1
)
b +
(
1− λ⊥
λ‖
)
s
)
dA.
(14)
In both cases, the new forms are equivalent to the original
result for distributed Gauss curvature in the absence of
defects, but also give the correct result for a region con-
taining defects provided the director is smooth on the
boundary.
CONSTANT-ROTATION m = 1 DEFECTS
We first test our new form on the familiar constant-
rotation +1 defect patterns which, in plane polar co-
ordinates (r, θ) have the form ψ = θ + α and hence
∇ψ = eθ/r, n = cosα er+sinα eθ and n∗ = − sinα er+
cosα eθ. The director curves thus form log-spirals with
constant angle α between the director and the radial di-
rection, such that α = 0 is a radial defect and α = pi/2
produces circles. In this case the bend and splay are
given by
b =
sinα
r
n∗, s =
cosα
r
n. (15)
In the particular case of a circular pattern, the splay
vanishes and the b = −er/r, while a radial pattern has
vanishing bend and s = er/r. Applying eqn. 14 to a
circular patch centered on the origin, and deploying the
divergence theorem, we can calculate the Gauss curva-
ture as∫
KAdAA = −2pi
(
λ‖
λ⊥
− 1
)
sinα2 + 2pi
(
1− λ⊥
λ‖
)
cos2 α
= 2pi
(
1− sin2(α) λ‖
λ⊥
− cos2(α)λ⊥
λ‖
)
.
Since this is independent of the radius of the patch (and
the patterns have rotational symmetry), we conclude that
there is no distributed Gauss curvature, but there is a
singular concentration of Gauss curvature in the center.
Setting α = 0, pi/2 this recapitulates the familiar results
for cones and anticones, while for an intermediate value
of α the defect remains flat.
We can compute the same result from eqn. 13 by noting
that b+s = 1r (cos (2α)er + sin (2α)eθ) and applying the
divergence theorem in the same manner:∫
KAdAA=pi
(
λ‖
λ⊥
− λ⊥
λ‖
)
cos 2α+pi
(
1− λ⊥
λ‖
)(
1− λ‖
λ⊥
)
=2pi
(
1− sin2(α) λ‖
λ⊥
− cos2(α)λ⊥
λ‖
)
. (16)
This approach clarifies that the total curvature contains a
topological contribution, which is identical for all m = 1
defects, and a pattern-dependent structural contribution
∝ cos (2α) which is not. The structural contribution re-
verses sign under taking the orthogonal dual, while the
topological contribution does not, leading circular and
radial patterns to have different but not exactly opposite
6curvature. Perhaps surprisingly, the structural term here
generates concentrated curvature despite, in this exam-
ple, the distributed curvature being zero.
CONCENTRATED CURVATURE AT A
GENERAL NEMATIC DEFECTS
We next consider the neighborhood of a general defect
with topological charge m. Constructing a polar coor-
dinate system centered on the defect, the director will
have the form ψ = θ + α(θ, r), where α is now a varying
function that will wind m−1 times on a path around the
origin. Computing the bend and splay, we now get
b =
sinα
r
(
1 +
∂α
∂θ
)
+
∂α
∂r
cosα (17)
s =
cosα
r
(
1 +
∂α
∂θ
)
− ∂α
∂r
sinα. (18)
so, defining α0(θ) = α(θ, 0), near the defect we have
b + s =
1 + α′0
r
(cos 2α0er + sin 2α0eθ) +O(1). (19)
Considering a small circular patch at radius r, we can
again apply the divergence theorem to eqn. 13, to find
the total Gauss curvature concentrated at the defect,∫
KAdAA = (20)
pi
(
λ‖
λ⊥
− λ⊥
λ‖
)
〈cos(2α0)〉+mpi
(
1− λ⊥
λ‖
)(
1− λ‖
λ⊥
)
,
where the angle brackets indicate an angular average
around the defect. This result is strongly reminiscent of
eqn. 16, and again is the sum of a structural part, which
depends on the particular pattern of the defect, and a
topological part which depends only on its charge. Given
that the factor
(
1− λ⊥λ‖
)(
1− λ‖λ⊥
)
is strictly negative,
we conclude that positive charge defects are inclined to
produce negative Gauss curvature, and vice-versa. Fur-
thermore, given −1 < 〈cos(2α0)〉 < 1 the structural con-
tribution provides an identical range of curvatures in all
defect charges, while the topological term produces an
offset to this range proportional to the defect charge. In
particular, a higher-order defect will have zero concen-
trated curvature despite its topological inclination, if
〈cos(2α0)〉 = m
λ‖ − λ⊥
λ‖ + λ⊥
,
which, for a fixed value of λ‖/λ⊥, will be possible to
satisfy over a range on m centered on zero.
Constant-speed higher-order defects
The simplest manifestations of higher-order defects are
also those with constant rotational speed, which, in plane
polar coordinates (r, θ) have the form ψ = mθ + γ and
hence α(θ, r) = α0(θ) = (m − 1)θ + γ. These patterns
are also of particular interest because they have been
experimentally realized [28]. In this case we have simply
b + s =
m
r
(cos (2α)er + sin (2α)eθ) . (21)
Evaluating the divergence of this quantity, gives the dis-
tributed Gauss curvature,
KA =
1
2
(
λ−2⊥ − λ−2‖
)
∇ · (b + s)
= 12
(
λ−2⊥ − λ−2‖
) 2(m− 1)m
r2
cos(2α), (22)
which vanishes for m = 1, as is familiar for log-spiral pat-
terns. In contrast, all other constant-speed defects pro-
duce surfaces with distributed Gauss curvature KA ∝
cos (2α) = cos(2(m − 1)θ + γ), in agreement with the
calculations in [42, 44]. For all defects with m 6= 1 this
distributed curvature diverges as r → 0. However, due to
the cos(2α) dependence, the distributed curvature inte-
grates to zero in any circular patch centered at the origin.
Similarly, we have 〈cos(2α0)〉 = 0, so the structural con-
tribution to the concentrated Gauss curvature in eqn. 20
vanishes, and the concentrated Gauss curvature is purely
from the topological term for all constant-speed defects
with m 6= 1. Combining this with the distributed curva-
ture, the total Gauss curvature can be written
KA =mpi
(
1− λ⊥
λ‖
)(
1− λ‖
λ⊥
)
δA(r) (23)
+
(
λ−2⊥ − λ−2‖
) (m− 1)m
r2
cos(2(m− 1)θ + 2γ),
where δA is an activated-surface delta function such that∫
δA(r)dAA = 1 for any region enclosing the origin.
constant-speed higher-order defects thus offer a clear test
of our main result, since the structural term accounts
for the distributed curvature while the topological term
accounts for all the concentrated curvature. We thus
conduct numerical calculations using a bespoke shell-
elasticity code (Shell-morph) to independently quantify
their Gauss curvature and reveal their full activated
shapes. Our approach closely follows the spirit of “non-
Euclidian shells” with programmed metrics [5], including
both stretching and bending energies, with some special-
izations for for incompressible rubber sheets.
In more detail, our elastic shell calculations describe
the current shape of the sheet via the (3D) position x(r)
of the material originally at the (2D) position r in the
flat unactivated state. Using Roman indices for 3D and
Greek for 2D, one can then compute the local deforma-
tion gradient Fiα = ∂αxi, and hence the local metric of
the deformed sheet as dxTdx = drTFT ·Fdr ≡ drTa dr.
If this current metric differs from the activated target
metric a¯ = (λ2‖ nn + λ
2
⊥n
∗n∗) then the sheet must pay
7+5/2
+40/R2
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-40/R2
 +2+3/2 +1+1/2-1/2  -1 -3/2  -2-5/2
FIG. 4. Computational results for the activated morphologies of constant-speed defects in nematic elastomer sheets. The
unactivated sheets are thin disks of radius R and thickness t ≈ R/100, as is typical for programmed nematic elastomer sheets.
In all cases the programmed metric has λ‖ = 0.75, λ⊥ = 1/
√
λ‖ except for m = +5/2, where λ‖ = 0.9 is depicted to avoid
self-intersection. The m = +1 defect is programmed with α = pi/4, to isolate the topological contribution to the concentrated
curvature, resulting in a weak anticone and enabling comparison with the higher-order defects.
a stretching energy
ES =
∫
µt
2
(
tr
[
a · a¯−1]+ 1
det[a · a¯−1] − 3
)
dA, (24)
which is simply the familiar stretching energy for a thin
membrane of incompressible Neo-Hookean elastomer,
with shear modulus µ and (unactivated) thickness t. This
energy is minimized (and vanishes) if the sheet achieves
an isometry, a = a¯.
However, minimizing this stretching energy alone
quickly reveals infinite numbers of non-smooth and un-
physical isometries. To obtain sensible and physical sur-
faces, one must also include a sub-dominant bending en-
ergy, that penalizes extrinsic curvatures, encoded via the
surface’s second fundamental form, Bαβ = (∂α∂βx) · Nˆ ,
where Nˆ is the current surface normal. Following [5], we
use the standard bending energy for an incompressible
sheet,
EB =
∫
µt3
12 det[a¯]
(
tr[(a¯−1 ·B)2] + (tr[a¯−1 ·B])2) dA,
(25)
which is minimized when B = 0, (i.e. flat), as expected
when the encoded metric does not vary through the thick-
ness.
Shell-morph represents the deforming sheet via an un-
structured triangulated mesh. The current metric for
each triangle, a, requires first derivatives and is estimated
from the unique linear deformation that describes the
current position of the triangle’s three nodes: a stan-
dard constant-strain finite-element approach. The cur-
rent second fundamental from, B, requires second deriva-
tives and hence is estimated from the unique quadratic
deformation consistent with the positions of six ‘patch’
nodes close to the triangle’s centroid. Full details of
these estimates are given in the SI. The activated form of
the surface is then given by minimizing the total energy,
ES +EB , over current node positions via either damped
Newtonian dynamics or gradient descent.
The resultant surfaces for a range of 10 higher-order
constant-speed defects are shown in Fig. 4. Since the
defects form complicated 3-D surfaces, additional view-
points are provided in Fig. S1 and supplementary videos
M1-M10. Our calculations are for free floating films, and
have a large (rubber-like) actuation strains, leading to
dramatic high-amplitude shapes. The results clearly ex-
hibit the azimuthally oscillating distributed Gauss cur-
vature given by eqn. 22, leading to increasingly flowery
surfaces at higher-orders, and good qualitative agreement
with the experiments in [28]. As familiar from arrays of
cones [15], many of the defect shells can pop into differ-
ent stable configurations. The configurations shown in
Fig. 4 were selected as likely global energy minima, and
some examples of alternatives are given in Fig. S2.
0 pi 2pi
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Numerics (r/t≈ 194) (λ−2⊥ − λ−2)m(m− 1) cos(2α)
FIG. 5. Activated Gauss curvature as a function of θ at
r ≈ 194 t (far from the defect core), for an m = −2 constant-
speed defect with γ = pi/4 and thus cos(2α) = sin(6θ). The
values estimated numerically on a simulated surface show
good agreement with eqn. 22.
To verify our predicted structural and topological con-
tributions to the Gauss curvature, we first compute the
Gauss curvature of the activated surfaces, KA(r, θ), via
the angular deficit at each node in the mesh (see SI for
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FIG. 6. Integrated Gauss curvature (up to radius r) for 10
simulated defects. Each defect generates the topological cur-
vature predicted by eqn. 23, forming a quantized ladder. Ow-
ing to finite-thickness effects, the curvature is not concen-
trated at a point at the origin, but is spread over a finite
core.
details). In Fig. 5 we plot the local activated Gauss
curvature around a ring of fixed large reference radius
KA(194 t, θ) for the m = +5/2 defect. Since this radius
is far from the concentrated curvature at the origin, the
local Gauss curvature stems only from the distributed
(structural) contribution, and shows excellent agreement
with the magnitude and form predicted in eqn. 23.
However, since the topological curvature is concen-
trated in a delta function at the origin, it cannot be in-
terrogated by plotting KA directly. Rather, in the spirit
of Gauss-Bonnet, in Fig. 6 we plot the integrated Gauss
curvature within a reference-state disk centered on the
origin,
∫ r
0
∫ 2pi
θ=0
KAdAA, as a function of integration disk
radius. In a perfect isometry the only contribution to the
integrand would be a delta function of concentrated cur-
vature at the center, leading the integral to have a con-
stant value, mpi
(
1− λ⊥λ‖
)(
1− λ‖λ⊥
)
, stemming entirely
from the topological curvature. In practice, the bending
energy prohibits a singular curvature at the origin, so this
contribution is smeared out over a finite non-isometric
region around the origin. However, as one moves away
from the origin, all the programmed curvature is indeed
accounted for, and each integral asymptotes to the ex-
pected topological constant. We emphasize both the
quantized nature of the ladder of asymptotes shown in
Fig 6, which reflects their topological origin, and also the
different scalings with λ‖ and λ⊥ of the curvatures in Fig.
6 and Fig. 5, which highlight the distinction between the
topological and structural contributions to the curvature.
The smeared-out regions near the origin in Fig. 6 in-
volve a stretch-bend trade-off, resulting in locally non
isometric deformations that are beyond the scope of this
paper. The extent of the smeared region is doubtless ∝ t
(as explored for m = +1 cones in [25]), and would vanish
in the vanishing thickness limit. In practice, the region
extends a surprisingly large multiple of t in higher-order
defects, which we attribute to the very high distributed
curvatures near the origin in these samples. However, ul-
timately Gauss-Bonnet guarantees that all the curvature
encoded at the origin must be accounted for, once the
boundary of the integration disk is large enough that the
surface is isometric at the boundary.
GAUSS CURVATURE INDUCED BY
DIRECTIONAL FIELDS WITH VARYING
MAGNITUDES
Finally, we consider a programmed directional growth
field in which λ‖ and λ⊥ are also functions of position.
Such programming has not yet been demonstrated in
LCEs (although it could be achieved by additionally pat-
terning the crosslink density or the strength of the order
parameter) but is commonly found in biology: for ex-
ample the exaggerated nectar spurs in Darwin’s orchid
develop via a process of cell elongation [21], but the de-
gree of elongation varies with distance from the tip of
the spur. Given the local metric now has three degrees
of freedom, ψ, λ‖ and λ⊥, it is possible to represent any
programmed metric in this form. However, this is likely
to be a natural representation in cases where the direc-
tion n is physically meaningful, such as being the direc-
tion of cell polarization. In this case we can again adopt
the nematic coordinate system, (u−v), the metric is still
diagonal, but now λ‖ and λ⊥ are functions of u and v.
Applying eqn. 2, the geodesic curvature is thus
∫
kgAdlA =
∫
dφA+ (26)∫ (
1
λ‖
λ⊥βu + λ⊥uβ
αβ
βdv − 1
λ⊥
λ‖αv + λ‖vα
αβ
αdu
)
.
To bring into a coordinate independent form, we again
use dl = αdun+ βdvn∗ and recognize the (scalar) bend
and splay, but must also recognize that 1α∂u = n · ∇ and
1
β∂v = n
∗ · ∇, which allows us to eliminate the unknown
fields α and β and write
∫
kgAdlA =
∫
dφA (27)
+
∫ (
λ⊥
λ‖
sn∗ +
n · ∇λ⊥
λ‖
n∗ +
λ‖
λ⊥
bn− n
∗ · ∇λ‖
λ⊥
n
)
· dl.
9As an aside, we note that this can be neatened up to give∫
kgAdlA =
∫
dφA (28)
+
∫ (
1
λ‖
∇ · (nλ⊥)n∗ − 1
λ⊥
∇ · (n∗λ‖)n) · dl.
However, returning to eqn. 27 and again applying Gauss-
Bonnet to a patch built from u lines and v lines, and
containing defects with charge mi, we can compute the
contained Gauss curvature as∫
KAdAA = 2pi
∑
i
mi+ (29)∫
∇ ·
(
λ‖
λ⊥
b− n
∗ · ∇λ‖
λ⊥
n∗ − λ⊥
λ‖
s− n · ∇λ⊥
λ‖
n
)
dA.
If desired, eqn. 12 can again be deployed to either bring
the topological term inside the integral, or to evaluate the
b − s component of the integral. The resulting expres-
sions are identical to eqns. 13 and 14, except with an ad-
ditional contribution, − ∫ ∇·(n∗·∇λ‖λ⊥ n∗ + n·∇λ⊥λ‖ n) dA,
to the structural curvature arising from the variable mag-
nitudes.
DISCUSSION AND CONCLUSIONS
We have presented a simple result for the Gauss cur-
vature developed by a flat sheet programmed with pat-
terned directional growth. Our result is valid for all pat-
terns of growth, even if they contain topological defects,
and thus unifies previous (and superficially contradic-
tory) results on continuously distributed Gauss curvature
and concentrated Gauss curvature at simple +1 defects,
and extends these results to include all defect charges.
As seen most clearly in eqn. 13, our result reveals a
subtle interplay between the topology of defects and the
precise structure of a given defect’s realization. The topo-
logical term in eqn. 13 is exclusively concentrated at the
defect and depends only on the charge of the defect and
the value of λ‖/λ⊥. In particular, the topological term
always gives negative curvatures for positive charge de-
fects and vice versa, and is invariant under taking the
orthogonal dual of a pattern. In contrast, the structural
term in eqn. 13 can produce both distributed and concen-
trated Gauss curvature, with a magnitude that depends
on the spatial structure of the defect. This term is in-
verted, Kstr → −Kstr, by taking the orthogonal dual of
a pattern. Thus, as seen in eqn. 20, the Gauss curva-
ture of a given-charge defect can lie anywhere in a given
range, centered on the topological term and spanned by
the structural term.
The key enabling approach has been to use Gauss-
Bonnet to evaluate the Gauss curvature within a patch in
terms of its boundary properties, resulting in a formula
for the Gauss curvature that needs integrating along the
boundary but not over the (defect-containing) area of
the patch itself. In the particularly simple case where
the patch boundary is constructed from u and v lines
(integral curves of n and n∗) we can go a step further
and conduct the boundary integral along each segment
to calculate the Gauss curvature in terms of properties at
the corners. More precisely, we can conduct the integral
in eqn. 14 along each segment, which yields the change in
angle of the path segment, so the Gauss curvature within
in is∫
KAdAA =
(
1− λ‖
λ⊥
)∑
∆ψu +
(
1− λ⊥
λ‖
)∑
∆ψv
where ∆ψu and ∆ψv are the change in director angle
(and hence change in path angle) along the u line and v
line segments. The Gauss curvature within the patch is
thus entirely determined from the director angles at the
corners. For example, for the quadrangular path shown
in Fig. 2, the Gauss curvature within is simply∫
KAdAA =
(
λ⊥
λ‖
− λ‖
λ⊥
)
(ψA − ψB + ψC − ψD) .
Going further, if the boundary is largely composed of u
lines, the Gauss curvature within will be
∫
KAdAA →(
1− λ‖λ⊥
)
2pim, while if it is largely composed of just v
lines it will be
(
1− λ⊥λ‖
)
2pim: results that are familiar
from radial and circumferential +1 defects, but now gen-
eralize to patches containing multiple higher-order de-
fects with the correct shape of boundary.
We anticipate that these geometric insights will be of
use for designing patterns of growth to achieve particu-
lar surfaces. Current strategies for inverse design cannot
produce patterns containing defects [39], but our results
highlight that defects not only offer a route to designing
surfaces with sharp features, but can also occur without
any concentrated Gauss curvature as part of the pro-
gramming of a smoothly curved surface. Furthermore,
our results show that the integrated Gauss curvature of
a surface is intimately related to the total topological
charge it contains, suggesting that the inclusion of topo-
logical defects may be crucial to the design of surfaces
containing large integrated amounts of Gauss curvature,
such as needed to wrap (or even double-wrap) a sphere.
Looking beyond our current results, we first note the
possibility of encoding growth into an initially curved
surface, so that it morphs into a different curved surface
on activation. This situation is actually typical in biol-
ogy, and, via “4-D” printing, is increasingly accessible
to engineers [29]. Although we defer a full investigation
to a later date, we anticipate that our existing approach
will generalize straightforwardly: indeed, as long as one
uses nematic coordinates, the metric of an initially curved
surface could be represented via eqn. 3 without modifi-
cation suggesting that many of our current results will
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be directly applicable. Secondly, we also defer an investi-
gation into Gauss curvature when the director is discon-
tinuous along a seam, rather than a simple point defect.
Our current approach relies on the director being well
behaved on a patch boundary then using Gauss-Bonnet
to capture the curvature within whereas, in the case of
a seam, the director discontinuity will also occur on the
boundary, and the concept of enclosed topological charge
breaks down.
Finally, we comment that many biological tissues
also have nematic or polar order (stemming from the
anisotropy of their cells) and there is growing appre-
ciation of the physiological implications of defects: for
example +1/2 and −1/2 defects in epithelial tissue are
known to be drive cell shedding [48]. Similarly the pat-
terns of directional elongation that generate both the ex-
aggerated nectar spurs in Darwin’s orchid [21] and the
reproductive whorl in the green alga Acetabularia ac-
etabulum [22, 24] are centered on +1 defects, and these
must be accounted for properly to compute the Gauss
curvature and understand the shape programming. Un-
like in LCEs, biological growth fields tend to be pat-
terned in both direction and magnitude, but fortunately
our results straightforwardly generalize to this case (eqn.
29). Furthermore, given the metric itself has quadrupo-
lar symmetry, this formulation is not limited to tissues
with nematic order, but encompasses the full spectrum
of encodable metrics, and is likely to be useful in polar
tissues with topological defects as well as their nematic
counterparts.
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